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Maximal precision increment method utilization for underground
geodetic height network optimization

Martin Stroner®, Ondrej Michal® and Rudolf Urbar?

Nowadays, optimization of the measurements is @oritant theme of the geodesy and especially engimgesurveying. The
optimization can be categorized into orders, frdva tero to the third order. The zero order desgthe coordinate system selection;
the first order is the configuration optimizatiotine second order is the optimization of the nunafe¢he repetitions; the third order is
the improvement of the existing network by addiomtpand/or observations. In the engineering suivgythe second order design
needs to be addressed. Thus, there are known p&siiations of network points, the desired accyrgmossible measurements within
the existing situation, and it is necessary to agosuch measurements and their numbers of repesitichat their number was minimal
(resp. used energy on their implementation) andhgetequired accuracy was met. There were maryrts to meet this objective, but
usually by the deployment of general mathematipéihozation methods that do not respect the charaof geodetic measurements
and rational optimization results demands. Theres wasigned a new method which, in our opinion, sntetse requirements and is
based on a gradual selection of the most benefinedsurement to meet the accuracy requirementsmétieod was successfully tested
on the leveling network optimization. The methodely suitable for use in mining and tunnel sumgyiwherein it allows economic
planning of the accuracy of the measurement, wisiégmportant both in economic terms and in termsajéty. The economic aspect is
important not only in terms of money spent on tle@sarement, but also in terms of minimizing dowatoha mine operation and
equipment.
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Introduction

Optimization of geodetic measurements is curreatiyajor topic of geodesy and especially engineering
surveying. This optimization can be divided inte ttesign of zero to third order. The zero ordénésprime
choice of the coordinate system, the first ordetemination (optimization) of geodetic network
configuration (the point location), second ordetimpl selection of the number of individual measneats
(from zero ton) and the third in order to define the optimum nfiedtion or extension of the network.

In the field of engineering surveying, it is neayso solve the design of the second order inqadatr,
because the coordinate system is usually given tlamdonfiguration is determined by the possileiitiof
practical solution within the existing spatial arggment (e.g. location of points in areas of irggrésibility
on the building site).

There are thus known locations of the network @itite desired accuracy, and possible measurements
within the existing situation. It is necessary thoose such measurements and their numbers, on
the condition, that the number of the measuremevds minimal (resp. energy expended on their
implementation was minimal, in the case of the getim leveling it is the length of the trace) and
the required accuracy was met. The optimized @it@ay also be the reliability or some other ohshbuld
also be noted that it is possible to optimize orirgon (e.g. the maximum coordinate deviation)solve
the problem as the multi-criteria one, but thisecasmuch more complicated.

Solving these problems is not unambiguous and tiasy to implement without additional conditions,
except the simplest cases. There can be founddd ibe attempts of reaching of the optimizatiomlgosing
the general optimization methods usually, withdw& tespect to the character of the geodetic measumts
and without complying with the rational demandstos optimization results.

Publications (Baarda, 1968) and (Grafarend, 19t4)later (Grafarend and Sanso, 1985) were
discussing the topic of the optimization and ldid fundamentals of optimization in geodesy. Anriggéng
overview of the fundamental principles presents i&&imkooei et al., 2012).

Among the countless techniques used for optiminat@an be classified the use of global optimization
methods, e.g. the simulated annealing is used as€Ba, 2011) and (Berné and Baselga, 2004), |eartic
swarm optimization (PSO) is used in (Yetki et 2D08). On the optimization of the reliability iscizsed
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method described in (Amiri-Simkooei, 2004), optiatinn of the configuration together with the numbér
measurements is performed in (Kuang, 1991). Therenany other methods and procedures in the literat
including attempts of analytical solution, whichvsry difficult to apply (except the special casesd
unreliable respectively (e.g. (Pecar, 1985)). Gndther hand, there are some optimization methadiye
understandable as is the one described in (Kod5)190 document the importance of the optimizatidn
the geodetic measurements and especially the geaddtvorks, one can mention the work (Barto$ et al
2011) documenting the historical monuments by werigeodetic 3D methods including photogrammetry
and laser scanning, or paper (Frastia et al., 2824gribing the complex monitoring of the rock slicr

a deformation measurement of the gabion wall bypthetogrammetric methods described in (&if&et al.,
2014). The measurement with use of UAV is a separhhapter on the current development of geodetic an
mapping science, as described and used e.g. &#Bbva et al., 2015; Kr34k et al., 2016) for theppaes

of the crisis management or in (Blistan et al,. @0fbr the documentation of the rock outcrops. Nofie
these geodetic projects can be executed withoughty geodetic frame — a geodetic network, welligeed
and determined with necessary and sufficient pia@tidNaturally, there are geodetic networks neagsas
such, e.g. in geodetic high precise deformationsmeanent of the buildings and areas (e.g. desciibed
(Stroner et al., 2014)), or in tunnel building pees, where the precision is the key as describétrinan
and Jiikovsky, 2015). It is also necessary to mentiondingple addition or renewal of points of the geadet
network with the required precision (Sabova andaPeka, 2012), where of course it is appropriatas®
the optimization.

A new method of the optimization of the second ordeas designed by the authors. It is
computationally simple and easy to implement, libvas measurements to be grouped into logical groups
with the same number of repetitions (e.g. when m&ag by the total station), the numbers of theetijon
are integers and is based on a gradual selectidheofmost beneficial measurements for the meeting o
the accuracy requirements. The designed methothders successfully tested on optimization of théowar
configurations of the leveling network. As the omtiation criterion in tested cases, selected aieaement
of a state, when all of the standard deviatiorhefheights of points are smaller than the selectedimum
value, was selected. (The criterion can be eabibgen differently, however).

Maintaining accuracy and its economic planning\ae important, especially in mining and tunneling
surveying where there is usually practically implolesindependent control because, there is onlyeiey
to the underground, with some few exceptions. Faita comply with the required accuracy could dlage
incalculable consequences in terms of safety asal ial terms of economic losses. Test examples given
the second half of the article represent the pdigibf using the proposed method in this field feeight
measurements.

Last mentioned example is a really optimized mezsent of the geodetic network in the underground
corridors of the Czech town of Jihlava, which destoates the practical applicability of the method.

A priori precision analysis

The basic element determining the accuracy of tj@sement (or a simple calculation with zero
redundant measurements) result is the covarianceixmisl describing the accuracy of the resulting
coordinates, which can be obtained as (accordingl&ompacher et al., 2015), for adjustment by tlestle
squares method (for the case of the adjustment adtlitional conditions (free network) are the etprs
a bit more complicated, but the principle is thesey):

M = o (ATPA)T, 1)
where A is the matrix of the experiment plan (Jacobi's niwathe matrix of derivatives) describing

the configuration of the geodetic netwoFkjs the weight matrix of the individual measurensefit tom), in
the case of the independent measurements, ondidgenal of the matrix is nonzero:

P =diag(P1 P2 -~ Di - DPm). 2
The weight of the matrix is determined by use & thhosen constamt (to simplify the calculation is

often chosen to be equal to 1) and standard dewiaif the one-time realized i-th measurementind
number of the repetitions of the individual measugatn;:

bi=n;—. (3
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For the next derivation, it is advantageous (a$ bél seen) to separate the number of the repetition
from the other variables, the mat®xcan be then written as:

2 2
P=n-Py=(n - M) diag(% - 2. @)
1

om

Matrix A for m measurements amdunknowns (usually determined coordinates):

daly aly aly
612 612 612
A=| : : : A (5)
| Olm—1  Olpm—1 Olm—1 |
0x4q 0x, Oxg
\azm Al 6lm/

Variance-covariance matrM is then calculated:
M = c2(ATn P,A)7L. (6)

For the purposes of optimizing, all elements of tight side of the prior equation (6) are constant
except the vecton. The precision of the individual measurements, ¢bafiguration of the points and
measurements is given by the matkiand matrixP,.

The criterion of optimizatiofK evaluating the required accuracy reaching is atfon of the covariance
matrix:

K = f(M). (7)

As an example, it is possible to write the critaraf the maximal standard deviation in one coorigdina

K=fM)=/max (M;;),for=1..k. (8)

For the optimization, it has to be defined, whicitecion K; should be achieved, so the target is to fulfill
the inequality:

K <K;. )

Goals of the optimization and possibilities of theerification

The ideal goal of optimization is, in this caseg fulfillment of the selected criteria of accuraweith
an additional condition, that the sum of the numbérindividual measurements is minimal. Accuracy
criterion may be, for example, the maximum sizeaadtandard deviation of coordinate, major axis size
the error ellipse or error ellipsoid, coordinatanstard deviation or position standard deviatioo, &he
criterion is a function of the covariance matrix [As was mentioned in the introduction, there afen
options, for example, reliability, but it is notetlobjective of this article. Moreover, the methah de
modified for these purposes easily.)

It should be noted that optimization solution may be only one, there may be more of them, or even
very much. The quality of the optimization in caseinteger solutions can be verified very simply, i
principle, by brute force. The criterion is detemed for all combinations of elements of where all
elements are smaller than the selected maximur nn, Then, optimal solutions are those that meet
the criterion, and the sum of the measurementgitigpes is the smallest one. This begs the questidry do
you optimize by brute force. The answer is simfilés very demanding in terms of computing powerge
for a network with 14 measurements with a maximuf 20 repetitions, it is necessary to count
3= 4782969 times the criterion, including covadenmatrix inversion. For the most complex case
described at the end of the article, the calcufaiticthe Matlab software lasted about 2 days, atdrchining
3'® = 387 420 489 combinations possible, a number hef measurements is only 18, variants of
the repetitions 3; it is 0, 1 or two repetitiona. the case of a maximum of 3 repetitions, the nunafe
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variants would be already 68 719476 736. In thianner, verification or direct calculation are
unquestionable, but it can be done only with soeasonably small networks.

In general, for the optimization method is truet ihamore complex problems it cannot be expected th
the obtained solution is not the best existing dhe, calculation is often stopped after a finitanber of
operations or after a certain time of calculatiBolving these problems is typically very computaditly
intensive. As an example, the solution by the dlaipimization methods can be presented ((Baseldd 2
Berné and Baselga 2004; Yetki et al. 2008), wherthé real (for example, according to (Hampacher an
Stroner 2015)) individual local minimums withoutrizénty, that the minimum is the global one, are
searched.

The number of measurements must be consideredrirs tef expended energy. When measuring by
the total station, it is actually a number of meaments, but for instance, in the case of geomévieling
from the center between the rods with unequallygldistances between points, it is a length of dvera
leveling line.

The designed optimization method principle

The principle of the proposed optimization methscased on the initial calculation with a veator
(the number of repetitions of each measuremenrastically) zero, i.e.:

n=>0M " Np)=( - &), (10)

where £ is a very small number close to the zero, howeserlarge to calculate the inversion during
the covariance matrik calculation, and simultaneously so small to haveegligible impact in terms of
accuracy.

£ = 10" was used successfully. Furthermore, individual suesments are added to the system
sequentially each time, so that the most improvee worst characteristic. Selection of the worst
characteristics is performed so, that accordinggaation (6), thé/ covariance matrix is calculated and all
the characteristics from it for all points of thgtimized network points. From these, the worst isreelected
with the characteristi&,,. Then, the number of the repetitions of individuna¢asurement in vectar is
increased by one (for each one sequentially) atalileéed the characteristicK,, ,,;, again. Measurement

having the biggest impact on the decrease of theacleristic of the precisiol{, — Ky »,+1) is then added
to the system, so it increased the number of répef thei-th measurement, for which holds true:

maxi(Kw - Kw,ni+1) : (11)

The procedure is then repeated until the rela®ns(true, until all of the precision charactedstof all
points selected as the criterion are better thgoirementKy. In terms of the computational cost for each
added measurement, the inversion is calculatedr(veh&ulating covariance matrix) times, and once to
find the worst point.

Example of the application on the simple leveling etwork

An extensive testing of the method was performeat. the initial testing with easily interpretable
results, the method of geometric leveling fromdkater between the rods in the height network vsas .u

The first testing was made with a simplifying asgtion, that all the measured height differenceshav
the same length and thus the same accuracy. Fgholvs the simple testing network. The number of
the possible measurements is 10, unknown coordiratelhe matrixA describing the configuration and
the matrixP with weights are:

1 0 0 0 0
10 0 0 0
00 1 0 0
1 -1 0 0 0
A=i1 o % ol Pemdiagt 11111111 D).
0 1 -1 0 0
01 0 -1 0
00 0 1 -1
00 1 0 -1
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Optimizing criterion can be chosen easily, as added deviation of the height of the points A to E,
which is squared on the diagonal of the matvlx The standard deviation of the one measured height
difference was choses), = 1 mm, required standard deviation of the he@8%5 mm. Optimization then runs
according to described algorithm, results are shamvrkig. 1. Measurements 2, 4, 6 were not used,
measurement 3 should be done 3 times; measurenien& 7, 8, 9, 10 one times. The sum of
the measurements repetitions is 9.

e s

C
Legend \ 10/
- Fixed point \ /
D

O Measured point

«©

— Unused measurement
— One repetition
— Three repetition

Fig. 1. Testing leveling network 1.

Brute force verification was made with a maximunminer of tree repetitions. In the sum, there was
calculated 1 048 576 variants (while calculating thptimizing algorithm only 91). Totally, there wer
434 091 variations satisfying the target precisimfnwhich 2 solutions with 9 measurements, 116 tgmhs
with 10 measurements, 1086 solutions with 11 mesgsents, etc. It is obvious that the proposed
optimization method is working correctly.

Another example of a simple network (Fig. 2) wastad with similar results. The standard deviatibn o

the one measured height difference was chogenl mm, required standard deviation of the heightmm.
Optimization then runs according to described dllgor, results are shown in Fig. 2.

Ay Legend

% ~ Fixed point
Nee C Measured point
\\ — Unused measurement

2 e — One repetition
% A (i L — Two repetition

6 YE)
\-fl/g/ L\ S

Fig. 2. Testing leveling network 2.
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A result of the optimization consists of 13 meamgats in total, according to the verification by
the brute force with maximal 2 repetitions it isetloptimal solution. Besides this one, three other
combinations with 13 measurements exist.

Example of the application on the leveling networkvith different leveling lines lengths

The successful application of the proposed optitiiramethod has been shown in the previous
paragraph, but it was a simplified case. As the pgample shown the case of different lengthsweéling
lines between points is shown. The optimizing athar was applied in the same network as showngn Ei
but leveling lines between the points were definading a different length (in km, from 0.1 km t® &m):

d=(04 04 01 03 06 04 06 04 04 04).

Thus, matrixPy (matrix A is identical):
Py = (diag(c¢-d, of-d, - o@- dm))_1 .

The standard deviation of the one measured heiffetehce was choseny = 1 mm, required standard
deviation of the height 0.42 mm. The result of dpgimization (numbers of the repetitions of meaments):

n=(2 2 2 2 2 0121 2).

This represents an overall distance of measurenféh® km. By brute force verification, it was falin
that there exist two better solutions, namely the with the overall distance 6.0 km and five wiik bverall
distance 6.1 km. The result obtained by the proghagimization method is worse by 3.3%, it can @iefy
be considered as a very good result.

Optimizing method was also tested on the examplihefnore complicated network with 18 possible
measurements (shown at Fig. 3). Levelling linegtles (in km, from 0.1 km to 0.6 km):

d=(0.1020.1030.30.2050.6020.10.6 03 0.6 020.30.20.2 04)

The standard deviation of the one measured heiffetehce was chosensy, = 1 mm, required standard
deviation of the height 0.5 mm.

Legend

— Unused measurement
— One repetition

— Two repetition

2 Fixed point

O Measured point

Fig. 3. Testing leveling network 3.
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Result of the optimization (numbers of the repetisi of measurements):
n=(101001002102021220).

This represents the overall distance of the legelines 3.0 km. The same solution by brute force
verification was found as the best one (seven coatiins in total).

Optimization method application example - the heighgeodetic network in the Jihlava underground
catacombs

Catacombs in Jihlava originated from the beginmihthe construction of the city as a system ofasl!

In the 14th century, these cellars began to beatexband linked by the corridor system; this trirstied
until the 16th century. Three floors were excavatedhe granite and gneiss bedrock over time, thel t
length of the corridors was about 25 km.

The underground was briefly opened to the pubbefrll936 until World War Il. It was made available
again between the years 1946 and 1969. After tbiar yconstruction works began in the town and
the catacombs were closed for safety reasons. Tthensquare began to succumb; therefore, most of
the historically significant part of the basemertswencased in concrete. A small part of the catbsomas
open for public in the year 1990 again.

For the purposes of Jihlava's underground mappitgite complicated geodetic network was builis It
necessary to keep the measurement accuracy imtterground because access to the corridors ishpessi
by one entrance only and thus an independent ddstrmt possible. The connection is possible frome
height point only (4005), the network is displayedether with the outline of corridors in Fig. 4.

oo0s ||
[ oo0g) e 8007
B et S S
6004-:—'—?003 \ —=7
60085~ 4010JlL 4009} \
=57/ > 4008
/) 4013 %
8010_——"%009
/] 14015
/= 6013
6011 —"// }__ 6015
A0A4] 6014
= ~ 9509 ¢
6012 3 T\ Om 5m 10m 20m

Fig. 4. Jihlava’s underground height network (red lineseigit difference measured by the geometric levebhg ones — by
trigonometric method).

The required resulting accuracy of each determimdht was set to 0.7 mm for optimization purpose.
The optimization results are the numbers of reipastof each measurement, which together withahitata
are given in Table 1 and also in Fig. 5, whererthmbers of repetitions are shown graphically (exetl
measurements are represented by the dotted line).

The height differences measured by the method ofegéric leveling from the center between the rods
are marked by the asterisk in Table 1; others waeasured by the trigonometric method. Standard
deviations of the onetime measured height diffeeengiven in Table 1 were calculated based on tta to
station measurement precision (the standard dewiati the distance measurement is 1.5 mm, the atdnd
deviation of the zenith angle measurement is 0.6mmghere was a premise of using the TS06 Leica
instrument). The instrument was placed in the cebttween starting and ending point of the height
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difference. The same survey mark was used for bimtbs when measuring the trigonometric method, so
the inaccuracy of height determination of the synverk is irrelevant.

As can be seen from the beginning of this paragrapb different methods of the height difference
measurement (a trigonometric one and the geomktvieling from the center between the rods) with
different precision were combined. Due to shorhslmes, the total number of the measurementsalvasen
to be an optimized criterion.

The result shows that in the case of so high desthmtecision, it is (logically) very substantial to
determine the primary connection with adequate igi@t (the height difference 4005 - 502), which is
necessary to measure seven times according to ptimization results. Due to such high number of
the repetitions, a different and more precise memsent method should be considered. For the toibght
height differences, it is necessary to measurenoytd four repetitions. These are longer, trigontioally
measured ones, which connect the entrance poitt thié far ones. Three measurements were entirely
excluded; these are not needed to achieve thespraci

The results of the performed optimization are iimpbance with basic principles of the geodetic
measurements and the real situation too. Notetlieahigh number of repetitions (higher than apprately
five or six) signals the appropriateness of usitigeo (more accurate) methods or adjustment ofainiti
conditions (configuration of the network, precisjpremise).

Tab. 1. Input values and results of the optimazati

Meas. No. From To Standard deviation Number of
point point of the height difference repetitions
[mm]
1 4005 502 0.96 7
2 502 501 0.37 1
3* 502 503 0.10 1
4* 503 510 0.10 1
5* 510 507 0.10 0
6* 503 507 0.10 1
7* 507 506 0.10 1
8* 506 505 0.10 0
9* 505 502 0.10 1
10 503 504 1.03 4
11 507 508 0.56 2
12 508 509 0.38 1
13 510 511 0.50 0
14 511 512 0.21 1
15 510 512 041 3
16 512 513 0.37 3
17 513 4007 0.30 2
18 4007 4008 0.33 3
19 4008 4009 0.12 1
20 4009 4010 0.18 1
21 4010 6003 0.10 1
22 6003 6004 0.05 1
23 6004 6005 0.36 3
24 6005 6006 0.25 2
25 6006 6007 0.21 2
26 4010 4013 0.27 2
27 4013 6008 0.21 1
28 6008 6009 0.16 1
29 6009 6010 0.10 1
30 6010 6011 0.22 1
31 6011 6012 0.19 1
32 6011 4014 0.19 1
33 4014 4015 0.12 1
34 4014 4013 0.33 1
35 4013 4015 0.24 1
36 4015 6013 0.17 1
37 6013 6014 0.11 1
38 6014 6015 0.08 1
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Fig. 5. Jihlava’s underground height network after optintiaa with numbers of the repeated measurements.

Conclusions

A new method of optimization of geodetic measuremewas designed and described, namely
the number of repetitions of each measurement (skoader design). The method is based on the gatect
of the worst point of the network in terms of optied characteristics and the subsequent searcsufdr
measurement mostly improved this characteristicis Theasurement is considered advantageous, and
the number of its repetitions is increased by dinés procedure is repeated until the optimizatiatedon is
fulfilled, usually the maximum value of the selattaccuracy characteristic optimized for all pointbe
method was tested on a larger number of levelingarks in two basic variants, with the same staddar
deviation of individually leveled height differerecand with a different standard deviation of indually
measured height differences. Four specific casefisded in the paper. In all cases, the methoavedagood
results, the verification was conducted by brutedpby calculating all possible combinations.

It should be noted that the method is not mathexaldyi defined as the optimum seeking method, iyyonl
gradually increased the number of measurementsith#te given situation mostly improve the worst
characteristic. The results are solutions in aringgdt way, usually (especially in the case of thghler
number of repetitions of measurement) there caa better solution, but as is shown in the exantpiis,
solution differs in ones of percent. Another feataf the method is that the maximum number of igpas
of individual measurements in comparison to thep&sior’ combination is always smaller, which is
preferable in the real geodesy. It is known thathwa larger number of repetitions of measurement,
the accuracy is not increasing with the square mfothe number of repetitions. This is because of
the residual systematic errors, and therefore #termal precision is always lower (closer to realithan
the inner precision (calculated from the repetsionly).

Testing of the method and its behavior will conénboth in terms of the general behavior and imser
of application on other types of measurements, a@aihe for terrestrial positioning and spatial getid
networks measured by the total stations using aragie distances, as well as on other measuremehodse
such as e.g. global navigation satellite systems.

The main advantages of the method are the simplicimpared to other methods, low demands on
both of algorithmization and computational powerpyiding of integer and unambiguous results, and of
course, according to our previous testing, it givery good results. The method is also very easiptable
to optimization of the different characteristicadat is practically useful.

The last presented example of the height geodetsorements shows the benefits of using the method
in mining and tunneling measurements, where it ksaimeasurement to be planned to meet the requitesme
on precision and at the same time be economically elose to the optimal one.
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