
 

Acta Montanistica Slovaca, Volume 27 (2022), 1; DOI: 10.46544/AMS.v27i1.16 

 

The Problem of Combined Optimal Load Flow Control  

of Main Conveyor Line 
 

 

Оleh PIHNASTYI1*, Valery KHODUSOV2 and Anna KOTOVA3 
 
 

Authors’ affiliations and addresses: 
1 National Technological University “Kharkiv 

Politecnical University, 79-2, Pushkinskaya st, 

Kharkiv, 61102, Ukraine 

e-mail:  pihnastyi@gmail.com   

2 V.N. Karazin Kharkiv National University, 

4, Svobody sq., Kharkiv, 61022, Ukraine 

e-mail: vdkhodusov@karazin.ua  

3  V.N. Karazin Kharkiv National University, 

4, Svobody sq., Kharkiv, 61022, Ukraine 

e-mail:  anna.kotova@karazin.ua 

 

*Correspondence: 

Оleh Pihnastyi, National Technological 

University Kharkiv Politecnical University, 79-2, 

Pushkinskaya st, Kharkiv, 61102, Ukraine  

tel.: +380 675 725 029 

e-mail: pihnastyi@gmail.com 

 

How to cite this article: 

Pihnastyi, O., Khodusov, V. and Kotova, A. 

(2022). The Problem of Combined Optimal Load 

Flow Control of Main Conveyor Line. Acta 

Montanistica Slovaca, Volume 27 (1), 216-229.
 

 

DOI:  

https://doi.org/10.46544/AMS.v27i1.16 

Abstract 

The combined method of flow parameters control of conveyor 

transport system is researched in this article. A transport system 

distributed model with input accumulative bunker is developed for 

the optimal control synthesis. The transport system model is 

presented in dimensionless form. Expressions are obtained that 

determine the states of flow parameters along the transport route.  

The amount of transport delay was calculated for each technological 

position of the transport route at an arbitrary point in time. A system 

of characteristic equations is written down, the solution of which 

determines the trajectory of movement of a separate element of the 

transported material.  Conditions are considered under which the 

material output flow does not depend on the initial filling of the 

conveyor section with the material. The algorithm of optimal 

control development of the material flow rate at the output from the 

accumulative bunker and the conveyor belt speed, which ensures 

the minimum deviation of the output cargo flow from a planned 

amount, is given. The optimal control algorithm takes into account 

the restrictions on the control modes of flow parameters and the 

volume of the accumulating bunker. It is shown that the developed 

control algorithm ensures the maximum filling of the transport 

system with material and forms a uniform distribution of material 

along the transportation route. 
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Conveyor optimal control, accumulative bunker, distributed 
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Introduction 

 

The use of conveyor transport systems is especially widespread in the mining industry, where the operation 

of transport conveyor systems is associated with a number of unique features and restrictions. The first of the 

features that should be noted is that the rock flow entering the transport conveyor system is non-stationary. The 

non-stationarity and stochasticity of the material flow are directly related to rock mining technology. The non-

uniform flow of material entering the transport system is the reason for the non-uniform distribution of material 

along the transport route. It results in the accumulation of material in some places of the transport route on the 

conveyor belt, but other places on the conveyor belt remain unfilled to the required level. In addition, two 

significant restrictions of the material along the transport route are imposed on the linear density: a) in order to 

avoid machinery breakdowns, the specific density of the material located on the conveyor belt should not exceed 

the maximum permissible value; b) the total mass of the transported material within one conveyor section should 

not exceed the maximum permitted value, which is limited by the power of electrical equipment that provides 

the conveyor belt motion. The presence of the features and restrictions mentioned above leads to the fact that if 

there are no effective control algorithms, the conveyor operates in modes that differ from the normative one for 

much of that time (Bebic and Ristic, 2018; He and Lodewijks, 2018; Wolstenholm, 1980; Hiltermann et al., 

2011). In this case, the specific energy costs for the transportation of the rock can increase significantly, reaching 

multiple increases (Semenchenko et al., 2016). The load increase on conveyor systems as a result of using 

control systems of speed and amount of the material flow to the input of the conveyor section allows reducing 

the specific energy costs for transient and stationary operational modes (He et al., 2016a, 2016b; Zhang and Xia, 

2011; DIN 22101, 2002; Antoniak, 2010). The conventional level of filling the conveyor belt with the material is 

=ϕ 60-100%, which makes it possible to reduce the specific energy сonsumption by up to 30% (Lauhoff, 2005; 

Semenchenko et al., 2016). Theoretical and experimental studies have shown that the control of the belt speed 

allows saving specific energy only if this leads to an increase in the level of filling of the conveyor belt material 

(Lauhoff, 2005). Non-uniform distribution of the rock on the conveyor belt along the transport route is of special 

importance for long conveyor systems (Yang, 2014). When designing the main conveyor, a popular solution is 

the division of the total transport route into sections (Marais and Pelzer, 2008).  

A transport conveyor is a complex dynamic, stochastic and distributive system. This explains the presence 

of a large number of models of conveyor systems used to design algorithms for controlling the flow parameters 

of the conveyor. Special attention should be paid to the models based on the method of finite-element (He et al., 

2018, 2016a, 2016b); finite difference method (Mathaba and Xia, 2015); Lagrangian equations (Yang, 2014); 

aggregative equations of state (Reutov, 2017); equations of neural net layers (Xinglei and Hongbin, 2015, 

Więcek et al., 2019); system dynamics equations (Wolstenholm, 1980) and regression equation (Andrejiova and 

Marasova, 2013). Despite the great variety and number of models, control algorithms designed with their help 

can be divided into two large groups that differ in the method they control the amount of the output cargo flow. 

The first method is to control the conveyor belt speed (Antoniak, 2010). The second method involves the use of 

an accumulative bunker at the input to the conveyor, which determines the amount of material flow at the input 

of the transport system (Wolstenholm, 1980; Marais and Pelzer, 2008). Both control methods are based on the 

principle of the transport system accumulation of continuously incoming material. In the first case, the 

accumulation of material occurs on a conveyor belt. The amount of the output flow of material is controlled by 

the speed of the conveyor belt. In the second case, bunkers are used to accumulate incoming material. The 

amount of the incoming material to the entrance of the transport system is controlled by an alteration in the 

capacity of the bunker. In this paper, we consider the combined control system of the main conveyor line, 

equipped with an accumulative bunker and a belt speed control system (Reutov, 2017; Pihnastyi and Khodusov, 

2019; Halepoto et al., 2016). This approach allows increasing the efficiency of the conveyor system control by 

taking advantage of each of the two methods of flow parameters control. The application of the combined system 

of control is very useful for long conveyor systems (Alspaugh, 2004; Kung, 2004; Siemens, 2018). 

 

Material and Methods 

 

In this article, we use a distributive model of a long conveyor line to design the control system 

(Pihnastyi and Khodusov, 2017). The given model belongs to a new class of models of conveyor lines. This class 

of models allows you to accurately calculate the linear density [ ] ( )St,0χ  of the material for a technological 

position [ ]dSS ,0∈  of the transport route with the total length dS  at an arbitrary point in time t . In (Reutov, 

2017; Pihnastyi and Khodusov, 2018a; Halepoto et al., 2016), a problem of the optimal control of conveyor belt 

motion speed )(taa =  is considered. Seeing that the flow of the material [ ] ( )St,1χ  in any place of the 

transportation route S  at the time t  is the product of the belt speed )(taa =  and linear density of the material 

[ ] ( )St,0χ  
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[ ] ( )[ ] S)(t,χtaS)(t,χ 01 = ,                (1) 

 

to ensure a required output flow of the material from the conveyor line, )(toutσ  the speed of the conveyor belt is 

to be defined with the formula  

 

( ) [ ] ( )
[ ] ( )

( )
[ ] ( )d

out

d

d

Stχ

t

Stχ

Stχ
ta

,,

,
 

00

1 σ
== .               (2) 

 

The law mentioned above of belt speed control )(taa =  is the reason for the non-uniform distribution of 

linear density of the material along the transportation route. The linear density [ ] ( )0,0 tχ of material entering the 

conveyor section depends on belt speed )(ta and material input flow ( ) [ ] ( )0,1 tχtin =σ , which comes from the 

field of the mineral deposits 

 

[ ] ( ) [ ] ( )
( )

( )
( )  

0,
0, 1

0
ta

t

ta

tχ
tχ inσ== .               (3) 

 

It means that the non-uniformity of material distribution along the transportation route depends both on the 

amount of rock flow to the input of the conveyor ( )tinσ  and on the required output material flow at the output of 

the conveyor line ( )toutσ  

 

[ ] ( ) ( )
( ) [ ] ( )d

out

in Stχ
t

t
tχ , 0, 00 σ

σ
= .               (4) 

 

As non-stationarity and stochasticity of the material flow ( )tinσ  are directly linked to the technology of 

rock mining, then the usage of only belt speed control algorithms do not allow providing uniform distribution of 

the material along the technological route in the problems aimed to ensure a given flow of material ( )toutσ  at the 

output of the transport system. The problem of optimal control of the amount of material flow intensity ( )tλ  that 

comes from the accumulative bunker to the input of the transport system is considered in (Pihnastyi and 

Khodusov, 2018a). It was presumed that the belt speed )(ta  is not controlled and is constant; to ensure a 

required output material flow from the conveyor line ( )toutσ , it is necessary to provide a required value of the 

density of the material at the output of the transportation system 

 

[ ] ( ) [ ] ( ) ( ) ataStχStχ outdd σ== ,, 10 .              (5) 

 

When the belt speed a  is constant, the linear density of the material at the output can be expressed in terms 

of linear density value at the input [ ] ( )0,0 tχ  (Pihnastyi and Khodusov, 2018b)  

 

[ ] ( ) [ ] ( ) ( ) aaStaStχStχ ddd //0,/ , 00 −=−= λ .             (6) 

 

This ratio allows defining the algorithm of control of the material flow intensity amount, which comes from 

the bunker to the input of the transportation system if the belt speed is constant (Pihnastyi and Khodusov, 2019): 

 

( ) ( )aStt dout /+= σλ ,  aSt dd /=∆ ,  consta = .          (7) 

 

The delay dt∆  for the constant belt speed is proportional to the total length of the transportation route dS . 

Non-uniform distribution of material flow along the route in case of unlimited bunker capacity is determined by 

the forecasting of output flow ( )toutσ . For long conveyor systems (Alspaugh, 2004; Kung, 2004; Siemens, 

2018), the delay dt∆  can be up to several days. The required linear density at the input of the conveyor line 

(Pihnastyi and Khodusov, 2019) can be determined if the amount of the forecasted output flow is known 
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[ ] ( ) ( ) ( ) aaStattχ dout ///0, 0 +== σλ .              (8) 

 

For any arbitrary point of the transport route S , the linear density of the material at the time t  is defined 

by the expression 

 

[ ] ( ) ( )( )0
, / /out dχ t S t S S a aσ= + − .              (9) 

 

Uniform distribution along the transport route is achieved if ( ) consttout =σ . The requirement to ensure 

certain unsteady output flow ( ) consttout ≠σ  from the conveyor line is the reason for the non-uniform 

distribution of the material along the transport route. Stating the purpose of the research, let us sum up the main 

advantages and disadvantages of the above-mentioned methods to control the amount of output material. The 

first method allows for controlling the amount of material flow at the output of the transport system without any 

delay. But under such regulation, the speed of the material is changed at any point of the transport route as a 

result of conveyor belt speed alteration. In many cases, this leads to a significant change in the power of the 

transport system as a whole. This problem is of special interest in the cases when the electricity tariff depends on 

the time of day and the conveyor belt is long. The second method of control needs forecasting a planned amount 

of the output flow ( )toutσ  at the time ( )dtt ∆+ . The forecasted amount is used to develop a program to control 

input flow intensity 

 

( ) ( )dout ttt ∆+= σλ ,  constaSt dd ==∆ / .            (10) 

 

However, during the time interval dtt ∆≤≤0 , the output flow is not controlled. Thus, as a result of the 

application of both methods, an uneven distribution of material along the transport route occurs, which leads to 

the increased energy consumption of the conveyor system. Within this context, the purpose of our article is the 

development of a combined algorithm to control the conveyor transport system, which is based on the possibility 

to control the conveyor belt speed and material flow coming to the conveyor belt from the bunker. The 

combination of these two methods of control would allow ensuring uniform distribution of the material along the 

transportation route. 

 

Model of the conveyor line 

 

A conveyor line is a kind of flow line. A feature of an industrial conveyor line is that the material moves at 

the same speed at different points of the conveyor line. The system of equations to model conveyor line with an 

accumulative bunker at the input takes the form: 

 

[ ] [ ] ( ) (t)S
S

S)(t,χ

t

S)(t,χ
λδ=

∂
∂

+
∂

∂ 10 , [ ] [ ] S)(t,χa(t)S)(t,χ 01 = ,          (11) 

( ) (t)tdt(t)dN in λσ −=0 ,              (12) 

 

with the initial values  for the linear density of the material along the transport route  

 

[ ] )()(H )0(0 SSS,χ Ψ= , 




≥
<

=
,0  ,1

,0  ,0
)(H

S

S
S  [ ]dSS ;0∈ ,         (13) 

 

and bulk volume 0N  in the accumulative 

 

00 0 N)(N = ,  bNN ≤≤ 00 , max0 λλ ≤≤ (t) .          (14) 

 

Material density [ ] S)(t,χ 0  and flow [ ] S)(t,χ 1  are linked by the conveyor belt speed )(taa =  (1), (11). The 

right part of the equation (11), containing ( ) (t)S λδ , defines the position of the material flow with the intensity

(t)λ  ( ( )Sδ is a delta-function). At the initial time 0=t , the conveyor line is filled with the material whose 

linear density is [ ] )()0(0 SS,χ Ψ=  (13). The system of equations (11)–(14) is closed regarding flow parameters 

[ ] S)(t,χ 0 and [ ] S)(t,χ 1 . The conditions (1) reflect the features of the conveyor line. The function (t)N0  sets the 
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current amount of the material in the bunker with the maximal capacity bN . The dependence of typical values of 

maximal bunker capacity bN  in relation to the intensity (t)λ  is researched in (Wolstenholm, 1980). In this work, 

the recommendations how to choose the parameters of an accumulative bunker are given. We suppose that the 

material flow at the input of the accumulative bunker ( )tinσ  is known, and the required flow ( ) ( )tt outσσ =  at 

the output of the transportation system is defined by the schedule of rock removal. A schematic diagram of a 

conveyor line with the bunker at the input is given in Fig. 1 (Conveyorbeltguide, 2019). Rock flow ( )tinσ  enters 

the bunker and fills it. The material comes to the input of the conveyor from the bunker with the regulated 

intensity (t)λ . 

Conveyor line parameters will be described as dimensionless variables: 

 

dT

t=τ , 
dS

S=ξ , 
[ ]

[ ]0max

0
0

)(
)(

χ

St,χ
, =ξτθ , [ ]0max

)(
)(

χ

SΨ=ξψ ,         (15) 

[ ]0max

0
0

 (t)N
)(

χS
n

d

=τ , [ ]0max

 )(
)(

χS

Tt

d

dστϑ = , )()( SSdδξδ = ,          (16) 

[ ]0max

 )(
)(

χS

Tt

d

dλτγ = ,  
( )

[ ]0max

 
)(

χS

Tt

d

din
in

στϑ = , 
d

d

S

T
tag )()( =τ .         (17) 

 

 

 
Figure 1. Schematic diagram of the main conveyor line (Conveyorbeltguide, 2019) 

 

Let us assume that when the conveyor line stops at 0)( =ta , the supply from the bunker is over, the 

intensity of material entry 0→(t)λ  and the value of loads per unit length on the conveyor line does not exceed 

the overload capacity: 

 

( ) [ ] [ ]0max0
0)(

)0()(lim χt,χta(t)
ta

≤=
→

λ .             (18) 

 

Note that when 0.1)(0 =τn , the accumulative bunker contains an amount of the material equal into

[ ]0max0  (t)N χSd= , which allows filling the conveyor line along the whole length with the maximum allowable 

linear density. Taking into account the dimensionless variables (15), flow parameters balance equation (11)–(14) 

is written in the dimensionless form: 

 

( ) )(
)(

)(
)( 00 τγξδ

ξ
ξτθτ

τ
ξτθ

=
∂

∂
+

∂
∂ ,

g
,

, )()(H )0(0 ξψξξθ =, ,          (19) 

)()(0 τγτϑ −= indt(t)dn , 000 0 n)(n = , bnn ≤≤ )(0 0 τ , max)(0 γτγ ≤≤ .        (20) 

 

We supplement equation (7) with a system of characteristics 

 

)(τ
τ
ξ

g
d

d = , ( ) 00 ξτξ = , ( ) )(0 τγξδ
τ

θ =
d

d
, )()(H 000

0
ξψξθ τ = .         (21) 

 

The first characteristic equation has an explicit physical meaning. This equation defines a motion trajectory 

of the element of the material along the technological route. The solution of characteristic equations can be given 

in the form: 
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0)( ξτξ += G , ( ) αατ
τ

dgG =

0

)( , )( 0
1 ξξτ −= −

G ,          (22) 

( ) ( )( ) ))(())((H
)))(((

)))(((
)()(

1

1

0 τξψτξ
ξτ
ξτγτξξξτθ GG

GGg

GG
GHH, −−+

−
−−−= −

−
,         (23) 

)()(0 τγτϑ −= indt(t)dn ,  000 0 n)(n = ,  bnn ≤≤ )(0 0 τ ,  max)(0 γτγ ≤≤ .        (24) 

 

In the case when the speed )(τg of the conveyor belt is constant and equal to 0g , the linear density of the 

material along the transport route at any time can be determined if we know the intensity )(τγ  of rock coming to 

the input 

 

( )
( )




<−−
≥−−

=
;0/1                        ,1
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)1(

00

000
0

gg

ggg
,

ττψ
ττγ

τθ            (25) 

( )
( )




<−−
≥−−

=
.0/1                    ,1

  ;0/1                       ,/1
)1(

000

00
1

ggg

gg
,

ττψ
ττγ

τθ            (26) 

 

For the case when the intensity of material flow ( )τγ  from the bunker to the input of the section is constant 

and equal 0γ , the values of the flow parameters at the output from the conveyor section take the form: 

 









<−−

≥−
∆−=
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  ;01)(     ,
))(()1( 1

0

0

ττψ

τ
τττ

γ
τθ

GG

G
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<−−

≥−
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  ;01)(  ,
))((

)(

)1( 1
0

1

τττψ

τ
τττ

τγ
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GgG

G
g

g

,             (28) 

 

where )(1 ττ∆ is the transport delay, the time interval between the moment when the material incoming at the 

section input and the moment when the material leaves the section. 

In the case when the speed of the conveyor line and the intensity of the material flow are constants and, 

accordingly, equal to 0g  and 0γ , we see a steady mode of the transport system operation: 

 

( )



<−−
≥−

=
;0/1       ,1

  ;0/1             ,/
)1(

00

000
0

gg
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,

ττψ
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τθ             (29) 

( )



<−−
≥−

=
.0/1    ,1

  ;0/1                    ,
)1(

000

00
1

ggg

g
,

ττψ
τγ

τθ             (30) 

 

For the steady mode of the operation, the values of flow parameters at the output of the conveyor line are 

constant 

 

000 /)1( g, γτθ = , 01 )1( γτθ =, , 0/1 0 ≥− gτ ,           (31) 

 

and expressed in terms of input flow parameters without considering the delay )(1 ττ∆ . For the case of a 

constant belt speed 0g , the value of the transport delay )(1 ττ∆  is constant and equal to 0/1 g . 
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The optimal control problem 

 

Let us consider the control problem for material flow )()( ττγ γu= , which enters the input of the conveyor 

line from the bunker, and the speed of the conveyor belt )()( ττ gug = : to define the material output flow 

)1(1 ,τθ  from the conveyor during the interval of time [ ]kττ ,0=  with the controls )(τγu  and )(τgu , when 

 

( ) min)()1(
2

1

0

2
1 →− ττϑτθ

τ k

d,              (32) 

 

with differential relations (19) 

 

( ) )(
)(

)(
)( 00 τξδ

ξ
ξτθτ

τ
ξτθ

γu
,

u
,

g =
∂

∂
+

∂
∂

,            (33) 

)()(0 ττϑ γudt(t)dn in −= ,              (34) 

 

restrictions to the linear density 

 

1)(0 0 ≤≤ ξτθ , ,               (35) 

 

restrictions to the amount of the material in the accumulative buffer (20) 

 

bnn ≤≤ )(0 0 τ ,               (36) 

 

restrictions to control 

 

maxmin )( γγγ τ uuu ≤≤ , maxmin )( ggg uuu ≤≤ τ            (37) 

 

and initial conditions (29) 

 

)()(H )0(0 ξψξξθ =, ,  000 0 n)(n = .           (38) 

 

Differential relation (33) determines the value of the output flow )1(1 ,τθ  

 

( )( ) )())(1())(1(H)(
))1)(((

))1)(((
)(11)1(

1

1

1 ττψττ
τ
τγττθ gGGg

GGg

GG
GH, −−+

−
−−−= −

−
.         (39) 

 

The factor of quality in the form (32) is widely used when analysing conveyor flow lines (Zhang and Xia, 

2011). Let us reformulate the factor of quality (32) with the due regard to the expression (29) 

 

( ) ( )
( )

2 2

1

10 0

1 ( ) ( ) ( ) ( ) min
tr k

tr

g g g
g

u
u d u d u d

u

τ ττ
γ

τ

τ τ
ψ α α τ ϑ τ τ τ ϑ τ τ

τ τ

    − ∆
  − − + − → 

    − ∆   
   . (40) 

 

In the interval [ [trττ ,0∈  the output value )1(1 ,τθ  depends on the initial distribution of the linear density of 

the material )0(0 ξθ ,  (38). The value trττ =  is obtained by solving the equation (22). The material which enters 

the conveyor line input at the time 0=τ , reaches the conveyor line output at the time trττ = . During the 

interval [ [trττ ,0∈ , the control of the output material flow )1(1 ,τθ  can be performed only by controlling the 

speed of the conveyor belt )()( ττ gug = . Pontryagin function for the task under consideration takes the form:  
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( ) ( ) max)()()()(1
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u
H ing

g

, [ ]ktr τττ ,∈ ,        (42) 

111 )( τττττ −=∆=∆ ,  ( )1)(1
1 −= − ττ GG .           (43) 

 

Taking into consideration the restrictions for phase variables, let us write down the Lagrangian function: 

 

( )0201 nnnHL b −++= µµ , 01 ≥µ , 001 =nµ , 02 ≥µ , ( ) 002 =− nnbµ ;        (44) 

)()(0 ττϑ γu
dt

(t)dn
in −= , 21

0

1 µµ
τ

ψ +−=
∂
∂−=
n

L

d

d
, 0)(1 =kτψ .          (45) 

 

The parameter )(11 τττ ∆=∆  defines the time delay between two events: the output of the material at the 

time τ  and its arrival at the entrance of the conveyor line at the time 1τ . Let us write down necessary conditions 

of extremum of Lagrangian function with respect to the controls )(τgu , ( )τγu  at the intervals [ [trττ ,0∈ and 

[ ]ktr τττ ,∈ . 

a) For the interval [ [trττ ,0∈  the condition for extremum of Lagrangian function with respect to the 

control )(τgu takes the form: 

 

( )( ) ( ) ( )
0)(

)(

)(1
)(1)()()(1 =













 −+−−−−=
∂
∂ τ

τ
τψτψτϑττψ g

g
g

g

u
du

Gd
GuG

u

L
,         (46) 

( ) αατ
τ

duG g=

0

)( .               (47) 

 

The solution of the latest equation is attained when 

 

( ) )()()(1 τϑττψ =− guG   or ( ) )(C)(1
1 ττψ gguG =− −

,         (48) 

 

where gC  is the integration constant. As ( ) 0)(1 ≥− τψ G , 0)( ≥τgu , there is a solution 

 

( ) )()()(1 τϑττψ =− guG ,  maxmin )( ggg uuu ≤≤ τ ,          (49) 

min)( gg uu =τ , ( ))(1

)(
min τψ

τϑ
G

ug −
> , max)( gg uu =τ , ( ))(1

)(
max τψ

τϑ
G

ug −
< ,        (50) 

 

when the optimal control )(τgu  of the conveyor line is attained. Since the Lagrangian function is linear on 

control, the maximum value of the function will be attained at the ends of control: 

 

( ) minγγ τ uu = ,  when  01 >ψ ,           (51) 

maxmin )( γγγ τ uuu ≤≤ , when 01 =ψ , ( ) maxγγ τ uu = , when 01 <ψ . 

 

b) For the interval [ ]ktr τττ ,∈ , the condition for the extremum of Lagrangian function with respect to the 

control )(τgu , ( )τγu  take the form:  
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Consequently, 
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1 τϑτ
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( )
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1
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,          (53) 

 

where g2C is the integration constant. The last equation corresponds to the case when the factor of quality (40) 

over the interval [ ]ktr τττ ,∈ does not depend on the control )(τgu . Taking into consideration that 

 

( )
( ) )1()0( 010

1

1
,,

u

u

g

τθττθ
ττ
ττγ =∆−=

∆−
∆−

             (54) 

 

it follows that the output flow of the material is constant in value 

 

gg ,u, 210 C)1()()1( == τθττθ ,              (55) 

 

and the factor of quality over the interval [ [ktr τττ ,∈ is expressed as 

 

( ) min)(C
2

1 2
2 →− ττϑ

τ

τ

k

tr

dg .              (56) 

 

In such a way, the optimal control )(τgu in the interval [ ]ktr τττ ,∈  takes the form 

 

( )
( ) max

1

1
min )( g

g
g u

u

u
u ≤

∆−
∆−

≤
ττ
ττ

τϑ
γ

,  
( )
( )1

1
)()(

ττ
ττ

τϑτ
γ ∆−

∆−
=

u

u
u

g
g ,        (57) 
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( )
( )1

1
max )(

ττ
ττ

τϑ
γ ∆−

∆−
≤

u

u
u

g
g ,   max)( gg uu =τ .          (59) 

 

From the conditions for extremum with respect to the control ( )τγu  extremum 
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follows for the cases when the restriction min1)( gg uu =∆+ ττ  is attained or max1)( gg uu =∆+ ττ , then 

optimal control ( )τγu  is expressed by the equation 
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In the case of maxmin )( ggg uuu << τ  , the Lagrangian function is linear in control ( )τγu  , and the 

maximum value of the Lagrangian function will be attained at the end of the control ( )τγu . 
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Results and Discussion 

 

For the synthesis of optimal equations, let us define the formula for the functions )(τϑ , )(τϑin  and ( )ξψ . 

Let us assume that the material comes into the bunker with a constant intensity 1)( =τϑin , the initial linear 

density of the material distribution is ( ) 1=ξψ , and the given output flow from the transport system is 

)sin(1)( πττϑ += . Let us also assume that there are some restrictions to the size of the accumulative bunker 

( )2.0/2)(0 0 +=≤≤ πτ bnn  (Pihnastyi and Khodusov, 2018a), to the input flow control 

2)(0 maxmin =≤≤= γγγ τ uuu  and to the control of conveyor belt speed 2)(0 maxmin =≤≤= ggg uuu τ . The 

decision to choose a test formula for the function )(τϑ , which defines an estimated flow at the output of the 

production line, is based on the possibility of the comparative analyses of the research results in (Pihnastyi and 

Khodusov, 2018a; He et al., 2016b). Intensity value 1)( =τϑin  corresponds to the case of the transport system 

operation when in a special time dT  the transport system along all its length dS  is filled with the material, the 

linear density value of which is [ ]0maxχ . The assumption ( ) 1=ξψ  corresponds to the case of transport system 

filling where the material is with the maximum allowed amount of the linear density [ ]0maxχ  at the initial time. 

On the interval [ [trττ ,0∈ when 1)( =τϑin , ( ) 1=ξψ , )sin(1)( πττϑ +=  the Lagrangian function for the control 

takes the form 

 

( ) ( ) ( ) max)(1)()(
2

1
02011

2 →−++−+−−= nnnuuL bg µµτψτϑτ γ .         (62) 

 

When maxmin )( ggg uuu << τ , the Lagrangian function is linear relating to the control )(τγu  and reaches 

its maximum value when controls are )(τγu  and )(τgu , which meet the conditions:  
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 )()( τϑτ =gu .           (63) 

 

With reference to (63), it follows that when maxmin )( ggg uuu << τ , maxmin )( γγγ τ uuu << , 

bnn << )(0 0 τ  the optimal control )(τγu  provides the loading of the material on the conveyor line with the 

maximum density 

 

1)()()0(0 == τττθ γ guu, .              (64) 

 

Let us consider the synthesis of the optimal control when at the initial time 0=τ , none of the constraints 

)(0 τn  for the bunker is accomplished. When this is the case, regardless of the value of the conjugate variable 

)0(1ψ  at the initial time, the control is  

 

)()()( τϑττγ == guu .              (65) 

 

When there are no restrictions, the conjugate equation takes the form 

 

01 =τψ dd , 0)(1 =kτψ .             (66) 

 

Let us consider the case when a phase constraint is attained. Let 0)0(1 <ψ  at the initial time. As on the 

initial interval )()( τϑτϑ in> , then taking into account the constraint (17), the amount of the material in the 

)(0 τn  will decrease. Unless the phase constraint 0)(0 =τn  is attained, the value of the conjugate variable is not 

changed but remains constant 0)(1 <= constτψ . When the lower phase constraint 0)(0 =τn  is attained, the 

optimal control is 
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1)( =τγu , )()( τϑτ =gu , trττ < , 1)( =τγu ,           (67) 

( )
( )1

1
)()(

ττ
ττ

τϑτ
γ ∆−

∆−
=

u

u
u

g
g , trττ ≥ .             (68) 

 

In such a case, the value of the density of the material at the input is jump-like 1)()0(
1

0 <= − ττθ gu, . The 

value of the conjugate function )(1 τψ  decreases by virtue of the equation (51) τµψ dd 11 −=  and remains 

negative. This mode of behaviour is kept until the moment when the belt speed becomes less than one 

1)()( =< ττ γuug . Taking into consideration the density constraints )()( ττγ guu ≤  (63), the phase coordinate 

leaves its lower constraint 0)(0 =τn . There is the process of filling the bunker with the material. The optimal 

control is 

 

)()()( τϑττγ == guu , trττ < ,             (69) 

 

When the ceiling constraint is attained, the control (67) is established again. The value of the conjugate 

function )(1 τψ  will increase τµψ dd 21 =  by virtue of (51). The phase coordinate will be at the upper limit. The 

above-mentioned function, defining the linear density of the material at the output, will be kept unless the value 

of the belt motion speed becomes more than one 1)()( => ττ γuug . Thus, regardless of the sign of the conjugate 

)(1 τψ , we have the control (69) unless the phase constraint is attained once again. By reaching the lower phase 

limit, control is again established (67). The phase coordinate will be kept at a limit until the tape speed satisfies 

the inequality 1)()( =< ττ γuug . If 0)0(1 =ψ , the low limit phase 0)(0 =τn  is attained, then the conjugate 

variable will have a negative value. The subsequent behaviour of the phase trajectory will be similar to the case 

when the inequality holds at the phase constraint 01 <ψ . If at the initial value of the conjugate variable 01 <ψ  

phase constraints are not attained, then the value of the conjugate value remains constant along with all control 

interval [ ]kττ ,0∈ . The control )(τγu  is defined by the constraints for control )()( ττγ guu ≤  (35) and 

maxmin )( γγγ τ uuu ≤≤  (37). If phase constraints are unattainable in the case of the optimal control of the belt 

speed )(τgu , the condition of the material in the bunker )(0 τn  and the value of the material linear density at the 

input of the conveyor )0(0 ,τθ  is shown in Fig. 2. Oscillation periods of the phase coordinate )(0 τn  and controls 

)()( ττγ guu =  are equal in value. The extreme of the function )(0 τn  corresponds to values of material supply 

intensity at the input of the conveyor belt 1)( =τγu  at times τ =.0,1,2… There is a domain of initial values of 

the material in the bunker where phase constraints cannot be attained. For the functions )(τϑ , )(τϑin , ( )ξψ  this 

domain is given with the inequality ( ) ( )2.0/2)0(2.0/2 0 +≤≤− ππ n . When the bunker is filled to 80%, the 

maximum value provides the best economy at the minimal risk of industrial losses (Marais and Pelzer, 2008). A 

simulated model of the transport system with the bunkers is given in (Marais and Pelzer, 2008), where the 

oscillations of bunker loading level depending on the time-of-day electricity tariff are researched. In 

(Wolstenholm, 1980), the evaluation is accomplished using the dynamic system model, which allows choosing 

the capacity of the bunker when the overloading of the bunker with the material is not admitted. It should also be 

noted that the lack of effects associated with the transport delay of the material 1τ∆  leads to significant 

additional control costs due to the presence of control errors. Hence, the results of the research given in this and 

many other works pictorially prove the urgency of the problem of how to design the control system for the 

accumulative bunker load level and the conveyor belt speed. Fig. 2 shows the transport delay value )(1 ττ∆  for 

various times τ  of the transport system operation with a control algorithm that ensures that the phase coordinate 

does not reach phase restrictions. The value of the transport delay )(11 τττ ∆=∆  is defined according to the 

equation 

 

( ) αατττ
τ

ττ

duGG g
∆−

=∆−−=

1

)()(1 1 .             (70) 
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Considering the control )()( τϑτ =gu (Fig. 2) analysed algorithm for the case when the phase constrains are 

not attained, the value of the transport delay oscillates periodically with the oscillation period 2=T  (Fig. 3). 

The transport delay )(1 ττ∆  sets the interval of time during which the material moves along the transportation 

route and leaves the conveyor line at a time τ . 

 

 
 

Figure 2. Condition of the material in bunker )(0 τn  and value of material linear density at the input of the conveyor )0(0 ,τθ  

when the optimal control of the belt speed is )(τgu  

 

 
Figure 3. Transport delay )(1 ττ∆  of the conveyor line for the control of the belt speed is )(τgu  

 

The density of the material at the output of the conveyor line )1(0 ,τθ  at a time τ  is defined by the value of 

the flow intensity from the accumulative bunker )( 1τγu  and the conveyor belt motion speed )( 1τgu at a time 1τ  

 

)(/)()0()1( 11100 τττθτθ γ guu,, == .             (71) 

 

The interrelation between time points 1τ  and τ  is given in fig.4. 

 

 
Fig.4. Dependence between  the time moment of material loading at the input of the conveyor line )(1 ττ  and transport delay 

)(1 ττ∆  at the output flow )(τϑ  
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It should be noted that in the case of combined optimal controls )( 1τγu  )(τgu  and the presence of phase 

constraints, the linear density of the material )0(0 ,τθ  remains constant unless the constraints for the phase 

variables )(0 τn  and controls )( 1τγu  are attained. The value of the linear density at times when the phase 

coordinate is between the constraints corresponds to the maximum allowed values. 

 

Conclusions 

 

The combined method of optimal control of the flow parameters of a conveyor transport system is 

considered. A distributed model of a conveyor line with an accumulative input bunker has been developed to 

synthesise optimal controls. For the given criterion of the performance of the output flow control from the 

conveyor line, the task of optimal control of the transport system with constraints on phase coordinates and 

control is set. Using the Pontryagin maximum principle, algorithms for optimal control of the material flow 

intensity at the output from the accumulative bunker )(τγu  and the conveyor belt speed )(τgu  for the criterion 

of the performance considered has been researched for the first time in this paper. The results presented in work 

allow us to draw the following important conclusions: a) the combined method of controlling the output flow of 

the conveyor line allows providing minimum deviation of the amount of the material output flow from the 

required value, ensuring uniform distribution of material along the transport route. The exception is the sections 

when the phase coordinate was at the phase constraints;  b) it is possible to create conditions that allow achieving 

constraints for the phase coordinate )(0 τn  and controls )(τγu , )(τgu . These conditions allow a wealth of 

variations for the synthesis of the algorithms of the control )(τγu . However, each of these controls results in an 

increase of specific energy costs for the transportation of the material; c) combined control, aimed at eliminating 

the non-uniform distribution of rock along the transport route and increasing its linear density to the maximum 

value, allows reducing the specific energy consumption to move unit mass material along the transport system; 

d) at the initial period [ [trττ ,0∈  the control of the output flow value is accomplished by changing the belt 

speed. 

Prospects for further research are a) synthesis of optimal controls for a conveyor system with an input and 

output of accumulative bunker; b) research of the influence of the initial distribution of material on the formation 

of non-uniform distribution of material along the transport route. 
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